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Abstract
A combined variable theory of gravity and scalar field is developed
under ADM formulation by redefining new canonical conjugate variables
(Φ,Π). It is a dynamical theory of the space-matter with implicit time
dependence. Quantizing this new field theory results in quantization of
geometry and scalar field combined.
1
1 Introduction
•Motivation:
General Relativity and Quantum Field Theory are two most successful
theories of 19th century. General Relativity is a classical theory of dynamical
space-time. Quantum theory tells us that every dynamical field has quantum
properties. But General Relativity being a non-renormalizable theory is very
difficult to quantize. Whereas, Quantum Field Theory is built on a fixed back-
ground and relies on Poincare´ invariance. It is a quantum theory of matter
fields. But General Relativity tells us that space-time is also dynamical. There-
fore, both theories are still incomplete.
Anorwitt, Deser andMisner [1] formulated a theorywhichbrings gravity
closer to Lorentz covariant field theories by disentangling dynamical degrees
of freedom from the gauge variables. Loop QuantumGravity is one of themost
promising amongst canonical theories of gravity. It is a dynamical theory of
connections ([2] and [3] can be referred for further details). A granularity of
space is a result of quantization program. But the theory is far from being a
complete theory for various reasons such as the existence of semi-classical limit
is not proven so far ([4] section VI, A summarizes some more open problems
as well as achievements of the theory). There is an important take away from
the theory that is fields are inter-dependent and evolve with respect to one another.
•Approach of this paper:
The history of Lorentz covariant theories has already taught us a lesson
that we need a concept of a ‘field’ in order to unify Special Relativity with Quantum
Mechanics. General Relativity is a generalization of Special Relativity. Hence,
quantization of General Relativity requires a concept of a ‘field’ as well. It is
already noted above that ‘fields evolve with respect to one another’. Time is
not a direct observable (in a sense that we measure time in terms of relative
displacements betweenmatter fields) in contrast to space andmatter. Thus, the
theory developed here is a dynamical theory of the space-matter with implicit
time dependence.
ADM form of gravity is taken as a starting point which not only brings
gravity closer to Lorentzian field theories but also singles out time thereby
allowing to build a dynamical theory of gravity-scalar field. After separating
spatial and temporal parts of fields, the full Hamiltonian Htotal = 0 is reinter-
preted as an equation of motion for the new combined variable field. This new
field theory is then quantized canonically. Quantization of gravity and scalar
field combined is a result of the quantization procedure.
Note: Throughout the paper I am going to work in the units of 16πG = 1,
~ = 1 and c = 1. Wherever required these can be plugged in by dimensional
analysis.
2
2 Hamiltonian form of gravity and scalar field the-
ory
Action for gravity together with the scalar field is taken and carried out
3+1 decomposition by foliating 4-dimensional space-time manifold into one
parameter family of hypersurfaces Σt. Any time-like vector field T
µ decom-
posed into nµ unit vector normal to hypersurface andNµ shift vector tangential
to hypersurface. N is lapse function. (Note: µ, ν.. represents space-time indices
and a, b, c.. represents spatial indices.)
Tµ(t, ~x) ≔ N(t, ~x)nµ(t, ~x) +Nµ(t, ~x) (1)
Detail discussion of 3+1 decomposition or ADM formulation can be found in
references [5], section I.2.1 as well as in the book [6], section I, chapter 1.
A =
∫
R
dt
∫
M
d3x
(
|N| √q
{(
R(3) + KabKab − K2
)
+
(
1
2
φ˙2 − 1
2
|∇φ|2 − V(φ)
)})
(t, ~x)
(2)
Curvature in 4-dimensional space R(4) decomposed into R(3) + KabKab − K2.
Kab(t, ~x) is extrinsic curvature of hypersurface Σt, R(3) is a spatial curvature
and qab(t, ~x) is 3-metric both defined on 3-manifold and
√
q =
√
det(qab)(t, ~x).
Canonical conjugate momenta corresponding to qab(t, ~x), Na(t, ~x), N(t, ~x) and
φ(t, ~x) are respectively (derived in [6], section 1.2, equation 1.2.1),
Pab(t, ~x) ≔
( |N|
N
√
q
(
Kab − Kqab
))
(t, ~x) (3)
Ca(t, ~x) ≔ Πa(t, ~x) = 0 (4)
C(t, ~x) ≔ Π(t, ~x) = 0 (5)
Pφ(t, ~x) ≔
(
|N| √qφ˙
)
(t, ~x) (6)
(
qab,Pcd, φ,P(φ),N,Π,Na,Πa
)
(t, ~x) forms a phase space and corresponding only
non-trivial Poisson Brackets (borrowed from [5], equation 1.2.1.9) are given as,{
qab(t, x),P
cd(t, x′)
}
= δc(aδ
d
b)δ
(3)(x, x′) (7){
φ(t, x),P(φ)(t, x
′)
}
= δ(3)(x, x′) (8)
Lagrangian for gravity (refer I.2.1.7 of [5] or 1.2.5 of [6]) and for matter field is
given as,
Lgrav =
∫
M
d3x
{
Pabq˙ab + Π
aN˙a + ΠN˙ − (λC + λaCa +NaHa + |N|Hscalar)
}
(t, ~x) (9)
Lφ =
∫
M
d3x
Pφφ˙ − |N|
√
q

P2φ
2N2det(q)
+
1
2
|∇φ|2 + V(φ)

 (t, ~x) (10)
λ and λa are Lagrange undetermined multipliers and there are no equations to
solve for them. Therefore, reduced constrained action (refer I.2.1.13 of [5] or
1.3.1 of [6]) is written as
A =
∫
R
dt
∫
M
d3x
{
Pabq˙ab + Pφφ˙ −
(
NaHa + |N|Hscalar + |N|Hφ
)}
(t, ~x) (11)
3
Ha ≔
(
−2qacDbPbc
)
(t, ~x) (12)
Db is unique torsion-free covariant differential compatible with qab.
Hscalar ≔
(
1√
q
(
qacqbd − 1
2
qabqcd
)
PabPcd − √qR(3)
)
(t, ~x) (13)
Hφ =
√
q

P2φ
2N2det(q)
+
1
2
|∇φ|2 + V(φ)
 (t, ~x) (14)
Ha are called ‘Diffeomorphism constraints’ or vector constraints. These con-
straints generate diffeomorphism on 3-Manifold. Hscalar ‘Hamiltonian con-
straint’ or scalar constraint generates temporal gauge transformation (refer
1.2.6 of [6] or I.2.1.10 of [5]). Symmetrise Hscalar in a↔ b and c↔ d
Hscalar =
(
−1
2
fabcdP
abPcd − √qR(3)
)
(t, ~x) (15)
Where fabcd is defined as,
fabcd ≔
(
1√
q
(−qbcqad − qacqbd + qabqcd)
)
(t, ~x) (16)
Hscalar =
∫
M
d3x|N|
(
−1
2
fabcdP
abPcd − √qR(3)
)
(t, ~x) (17)
Hvector =
∫
M
d3xNa
(
−2qacDbPbc
)
(t, ~x) (18)
Both these constraints are first class constraints. These constraints arepreserved
under evolution. (Section I.2.1 of [5] canbe referred for further detailedanalysis)
Separate time and space dependent parts of qab(t, ~x) and Pab(t, ~x) as
qab(t, ~x)→ qa(t)q˚ab(~x) Pab(t, ~x)→ Pa(t)P˚ab(~x) (19)
First term in the scalar Hamiltonain constraint becomes,∫
M
d3x|N(t)| fabcd(t, ~x)Pab(t, ~x)Pcd(t, ~x)
= |N(t)|ηac(t)Pa(t)Pc(t)
∫
M
d3x
(
f˚abcd(~x)P˚
ab(~x)P˚cd(~x)
)
= ηac(t)P
a(t)Pc(t) (20)
With,
f˚abcd(~x) =
1√
q˚(~x)
(
q˚ab(~x)q˚cd(~x) − q˚ac(~x)q˚bd(~x) − q˚bc(~x)q˚ad(~x)
)
ηac(t) ≔ qa(t)qc(t) (21)
v =
∫
M
d3x
(
f˚abcd(~x)P˚
ab(~x)P˚cd(~x)
)
(22)
|N(t)| =
√
q(t)
v
(23)
4
Reason to choose such |N(t)| is to avoid the term √q(t) appearing in the de-
nominator of fabcd. This choice will give the kind of full Hamiltonian constraint
which will allow us to construct a suitable Lagrangian for the new field which
is done in the next section. Diffeomorphism constraints are given as
− 2
∫
M
d3xNa
(
qacDbP
bc
)
(t, ~x) = −2qi(t)Pi(t) Na
∫
M
d3x
(
q˚ac(~x)Db(~x)P˚
bc(~x)
)
(24)
Combined variable field theory (section 3) requires Na to be chosen in such a
way that
Na
∫
M
d3x
(
q˚ac(~x)DbP˚
bc(~x)
)
= −i (25)
This choice of shift vector will enable us to find out Lagrangian of combined
variable theory.
Hvector = 2iqkP
k (26)
The second term in the Hscalar becomes
V(~q(t)) = det(qk(t))
∫
M
d3x
√
q˚R(3)(t, ~x)∫
M
d3x
(
f˚abcd(~x)P˚ab(~x)P˚cd(~x)
) (27)
By collecting (20), (26) and (27)we get gravitational part of the full Hamiltonian
(‘t’ dependance is supressed)
Hscalar +Hvector = −1
2
ηi jP
iP j + 2iqkP
k − V(~q) (28)
ηi j is real and symmetric matrix
ηi j =

q2
1
q1q2 q1q3
q2q1 q
2
2 q2q3
q3q1 q3q2 q
2
3
 (29)
Let us now carry out similar analysis to the matter (scalar field) part of the full
Hamiltonian
Hmatter =
∫
M
d3x|N|

P2φ
2N2
√
q
+
√
q
2
|∇φ|2 + √qV(φ)
 (t, ~x) (30)
separate the temporal and spatial parts of the matter field and its canonical
conjugate momentum φ(t, ~x) = φ(t)φ˚(~x), Pφ(t, ~x) = Pφ(t)P˚φ(~x) and then carry
out integration over spatial part we get,
1
2
∫
M
d3x
|N|
N2
√
q(t)
√
q˚(~x)
P2φ(t)P˚
2
φ(~x) =
vv′
2q(t)
P2φ(t) (31)
With v =
∫
M
d3x
(
f˚abcd(~x)P˚ab(~x)P˚cd(~x)
)
and v′ =
∫
M
d3x
P˚2(~x)√
q˚
. Redefining Pφ(t) and
φ(t) such that Poisson Bracket remain unchanged.
√
q(t)
vv′
Pφ(t)→ Pφ(t)
√
vv′
q(t)
φ(t)→ φ(t) (32)
5
{
φ(t),Pφ(t)
}
= 1 (33)
This redefinition makes
first term of Hmatter =
1
2
P2φ(t) (34)
due to the redefinition |∇φ|2 and massive coupling term
1
2
∫
M
|N| √qab|~∇φ|2(t, ~x)→ 1
2
φ2(t)
(∫
M
d3xv′
√
q˚ab(~x)φ(~x)∇2φ(~x)
)
(35)
1
2
m2
∫
M
d3x|N| √qabφ2(t, ~x)→ 1
2
m2φ2(t)
(∫
M
d3x
vv′
det q
√
q˚ab(~x)φ
2(~x)
)
(36)
These two equations can be added up and spatial dependance is absorbed into
mass. This coupling is a functional of ~x.
∫
M
d3xv′
√
q˚ab(~x)φ(~x)∇2φ(~x) +m2
∫
M
d3x
vv′
det q
√
q˚ab(~x)φ
2(~x)→ µ2 (37)
Similar analysis can also be carried out and spatial parts can be absorbed into
respective couplings. Then matter Hamiltonian becomes
Hmatter =
1
2
P2φ +V(φ, q) (38)
The full Hamiltonian is a sum of (28) and (38),
Htotal =
1
2
P2φ −
1
2
ηi jP
iP j + 2iqkP
k − V(~q) + V(φ, q) (39)
(qi,P j, φ,Pφ) is reduced phase space for Htotal with only non-trivial Poisson
brackets
{
qi,P j
}
= δ
j
i
and
{
φ,Pφ
}
= 1. Equations of motion are given by
P˙φ(t) =
{
Pφ(t),Htotal
}
~˙P(t) =
{
~P(t),Htotal
}
(40)
~˙q(t) =
{
~q(t),Htotal
}
φ˙(t) =
{
φ(t),Htotal
}
(41)
We have 3 configuration variables for gravity with one first class constraint.
First class constraint reduces configuration degree of freedom by 1. These are
degrees of freedom of gravity.
case 1: In special relativistic limit, R(3) = 0 imply V(~q) = const. and extrin-
sic curvature (Kab = 0) imply P
j = 0. Then,
Htotal =
1
2
P2φ + V(φ)
Note that V(φ, q) = V(φ) because q(t) = 1. This is exactly the Hamiltonian
for scalar field with a spatial part being integrated over and contribution of
that part is absorbed inside coupling constants. This Hamiltonian gives time
evolution.
6
case 2: In zero scalar field limit, V(φ, q) = 0. Equation of motion give φ˙ = Pφ
but since φ = 0 and φ˙ = 0→ Pφ = 0. Therefore,
Htotal = −1
2
ηi jP
iP j + 2iqkP
k − V(~q)
This is the Hamiltonian for gravity with a lapse function and a shift vector cho-
sen appropriately. Hamiltonian does not give physical time evolution. Instead,
it gives a gauge transformation.
3 Combined variable theory of gravity and scalar
field
3.1 Classical Theory
Rewrite (39) by using Pφ = −i ∂∂φ = −i∂φ, Pk = −i ∂∂qk = −i∂k. Combined potential
is defined as 12V(qk, φ) ≔ V(~q)−V(φ, q) is combined potential energy of gravity
and scalar field.
HˆtotalΦ =
(
−1
2
∂2
∂φ2
+
1
2
ηi j
∂
∂qi
∂
∂q j
+ 2qi
∂
∂q j
− 1
2
V(qk, φ)
)
Φ
[Note:‘t’ dependence is suppressed from here onwords.] This equation is now
interpreted as an equation of motion for classical fieldΦ of combined variables.
(
∂2
∂φ2
− ∂
∂qi
ηi j
∂
∂q j
+ V(qk, φ)
)
Φ = 0 (42)
∂
∂qi
ηi j
∂
∂q j
= ηi j
∂
∂qi
∂
∂q j
+
∂ηi j
∂qi
∂
∂q j
. In the second term, ∂∂qi acting on qi of ηi j gives 3q j
and acting on q j of ηi j gives 1 q j. This second term is a result of Diffeomor-
phism constraints. If we had chosen a different shift vector, that would have
introduced extra derivative coupling but the choice (25) compensates this extra
derivative term. Taking plane wave solution Φ ∼ ei(Pφφ+Pkqk) we recover (39)
which has special relativistic as well as zero scalar field limit.
Explicit form of combined potential depends on both gravity and scalar field
coupllings
V(qk, φ) = 2

(
det q
) ∫M d3x√q˚R(3)∫
M
d3x
(
f˚abcd(~x)P˚ab(~x)P˚cd(~x)
)
 (43)
−2
ǫ0 √det qφ + µ2φ2 + β√
det q
φ3 +
λ
(det q)
φ4

All couplings are functional of ~x. ηi j serves as a spatial metric for the space of
(φ, ~q). Action for this combined variable field is given as
A =
∫
dφ
∫
dDq
{
1
2
(∂φΦ)
2 − 1
2
(∂iΦ)ηi j(∂
jΦ) − 1
2
V(qk, φ)Φ
2
}
(44)
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D = 0, 1, 2 or 3 depending on how many components of ~q are time dependent.
Both the gravity as well as the scalar field contribute to the massive coupling
V(qk, φ) of the combined variable field. It can also be noted that gravity couples
differently with different kinds of scalar field couplings. For V < 0 and α > 0
A =
∫
dφ
∫
dDq
{
1
2
(∂φΦ)
2 − 1
2
(∂iΦ)ηi j(∂
jΦ) − 1
2
VΦ2 − 1
4
αΦ4
}
(45)
The field is unstable atΦ = 0 andwill condense into a stable stateΦ |vac= ±
√
−V
α .
Symmetry of the ground state is spontaneously broken. Ifwe shiftΦ = ρ−Φ |vac,
we get
−1
2
VΦ2 − 1
4
αΦ4 −→ 1
2
2Vρ2 − 1
4
αρ4 +
(
VΦ |vac +αΦ |3vac
)
ρ + αΦ |vac ρ3 (46)
Extra constant terms are not written as they are inconsequential. ρ2 term
comeswith a correct sign and thereforemass spectrum remain positive definite.
Treatment of this theory is beyond scope of this paper and will be discussed in
the next paper.
A 4-dimensional space-matter manifold is equipped with a metric
gµν ≔
(
1 0
0 −ηi j
)
(47)
which allows us to measure the length in the space of (φ, ~q)
dl2 = gµνdq
µdqν = dφ2 − ηi jdqidq j (48)
Rewrite action (44) in covariant form
A =
∫
dφ
∫
dDq
{
1
2
gµν∂
µΦ∂νΦ − 1
2
V(qk, φ)Φ
2
}
(49)
µ, ν = 0, 1, 2, 3 with 0th term being φ index and 1, 2, 3 are metric indices.
∂µ = ∂∂qµ =
(
∂
∂φ ,
∂
∂qi
)
. Define
Πµ ≔
∂L
∂(∂µΦ)
= gµν∂
νΦ (50)
Extremizing action under infinitesimal variation of combined variable field
Φ→ Φ + δΦ we get
−
∫
dφ
∫
dDq
(
∂µgµν∂
νΦ + V(qk, φ)Φ
)
δΦ +
∫
dφ
∫
dDq∂µ
(
gµν∂
νΦ δΦ
)
= 0
(51)
Second term is a surface term and if variations are such that δΦ → 0 on the
surface then we get (??). Equivalently, current (Jµ ≔ gµν∂νΦ δΦ) is conserved if
equation of motion is satisfied. Invariance of action under qµ → qµ+ δqµ results
into
∂ρT
µ
ρ = ∂
ρ
(
∂L
∂(∂ρΦ)
∂µΦ −L δµρ
)
= 0
8
This gives us four constants of motion. µ = 0 gives energy and other three are
momentum of the combined variable field
E =
∫
dDq
(
∂Φ
∂φ
∂Φ
∂φ
+
∂Φ
∂qi
ηi j
∂Φ
∂q j
+ V(qk, φ)Φ
2
)
(52)
Pi =
∫
dDq
∂Φ
∂φ
∂Φ
∂qi
(53)
Hamiltonian is obtained by carrying out Legendre transformation
H =
∫
dDq
(
1
2
Π2 +
1
2
∂Φ
∂qi
ηi j
∂Φ
∂q j
+
1
2
V(qk, φ)Φ
2
)
(54)
Π (Π0 =
∂Φ
∂φ of (50)) is a canonical conjugate momentum corresponds to the field
Φ. {
Φ(φ, ~q),Π(φ, ~q′)
}
≔ δ(~q, ~q′){
Φ(φ, ~q),Φ(φ, ~q′)
}
≔ 0
{
Π(φ, ~q),Π(φ, ~q′)
}
≔ 0 (55)
Dynamics of the theory is given by following equations of motion.
∂Φ
∂φ
= {Φ,H} , ∂Π
∂φ
= {Π,H} (56)
Since,
∂Φ(~q′)
∂φ
= {Φ(~q′),H} =
∫
dDq Π(~q)δ(~q, ~q′)
= Π(~q′)
evolution is consistent. The second equation gives evolution of Πwith φ.
•Remarks:
In order to see physics of classical combined variable field theory, let us
first revisit a transition
particle→ field
I.H =
p2
2m +V(~x, t) is theHamiltonian for a particle or system of particles. Hamil-
tonian equations give trajectory (path) of a particle or system of particles.
II. Hˆφ =
(
pˆ2
2m + Vˆ(~x, t)
)
φ is reinterpreted as an equation of motion for classi-
cal field which is defined over space and evolves with time. The second term
is seen as coupling which is (~x, t) dependent.
Now, examine a transition
field→ combined variable field
III. In the case of gravity, space-time itself is a dynamical entity. Hamiltonian
equations of motion tell us how φ varies with 3-metric or equivalently how qi
changes with φ.
IV. Unlike case III, combined variable field Φ is spread over the space of ~q(t).
Hamiltonian (54) gives φ evolution. Mass of the combined variable field de-
pends not only on the scalar field but also depends on the gravity.
9
3.2 Quantum Theory
Theory is quantized by raising Poisson brackets of combined variables to com-
mutators [
Φˆ(φ, ~q), Φˆ(φ, ~q′)
]
=
[
Πˆ(φ, ~q), Πˆ(φ, ~q′)
]
= 0 (57)[
Φˆ(φ, ~q), Πˆ(φ, ~q′)
]
= i δ(~q, ~q′)
The form of the Hamiltonian allows us to write it in terms of creation and
annihilation operators.
aˆ ≔
1√
2
(
Πˆ − iωΦˆ − iL~qΦˆ
)
, aˆ† ≔
1√
2
(
Πˆ + iωΦˆ + iL~qΦˆ
)
(58)
ω(φ, ~q) is a solution of (62). L~q ≔ ~q. ~∂∂q is directional derivative. L~qΦˆ gives
variation of Φ along ~q.
aˆ†aˆ =
1
2
Πˆ2 +
1
2
(
L~qΦˆ
)2
+
1
2
ω2Φˆ2 + i
1
2
ω
[
Φˆ, Πˆ
]
− i1
2
[
Πˆ,L~qΦˆ
]
+ ω
(
L~qΦˆ
)
Φˆ (59)
Notice that the second term in above equation is exactly the second term in the
Hamiltonian (54). Since,
[
Πˆ(~q),L~qΦˆ(~q′)
]
=
√
h
G
L~qδ(~q, ~q′) (60)
The forth term in (59) becomes L~qδ(~0) = 0. Let us now calculate the last term
∫
dDq ω
̂
(
qi
∂Φ
∂qi
)
Φˆ =
∫
dDq
∂
∂qi
.
(
1
2
ωqiΦˆ
2
)
−
∫
dDq

~∂
∂q
.
(
1
2
~qω
) Φˆ2 (61)
If variable Φ is chosen such that limq→±∞Φ → 0 then total derivative term
vanishes and (59) becomes
aˆ†aˆ =
1
2
Πˆ2 +
1
2
(
L~qΦˆ
)2
+
1
2
ω2 − ~∂∂q .
(
~qω
) Φˆ2 − 12ωδ(~0)
In order to get the Hamiltonian we set
V = ω2 −
~∂
∂q
.
(
~qω
)
= ω2 −Dω − ~q. ∂ω
∂~q
(62)
ω(φ, ~q) is a solution to the first order nonlinear differential equation.
aˆ†aˆ =
1
2
Πˆ2 +
1
2
(
L~qΦˆ
)2
+
1
2
VΦˆ2 − 1
2
ω(φ, ~q) δ(~0)
Then Hamiltonian operator can be written as
Hˆ =
∫
dDq
(
aˆ†aˆ +
1
2
ω(φ, ~q) δ(~0)
)
(63)
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Commutation relations of creation and annihilation operators can be obtained
by using (57), (58) and (60). Only non-trivial commutation relation[
aˆ(~q), aˆ†(~q′)
]
=
(
ω(φ, ~q) +L~q
)
δ(~q, ~q′)
But L~qδ(~q, ~q′) = ~q. ~∂∂qδ(~q, ~q′) =
∑
i qi
∂
∂qi
δ(~q, ~q′) and since x ∂∂xδ(x) = −δ(x) implying
L~qδ(~q, ~q′) = −Dδ(~q, ~q′). [
aˆ(~q), aˆ†(~q′)
]
=
(
ω(φ, ~q) −D
)
δ(~q, ~q′) (64)
Rewriting Hamiltonian in terms of number operator nˆ which gives number of
field quantum.
Hˆ =
∫
dDq
(
ω(φ, ~q) −D
)
nˆ +
∫
dDq
1
2
ω(φ, ~q) δ(~0)
The Hamiltonian is self-adjoint as ω(~q, φ) ∈ R and a number operator nˆ is self-
adjoint by defination. For (ω−D) > 0, a number operator is defined as nˆ ≔ aˆ†aˆ.
Whereas for (ω − D) < 0, it is nˆ ≔ aˆaˆ†. Therefore the Hamiltonian is bounded
from below and is uniquely defined as
Hˆ =
∫
dDq
∣∣∣ω(φ, ~q) −D∣∣∣ nˆ +
∫
dDq
1
2
ω(φ, ~q) δ(~0) (65)
•Remarks:
The state |n, ~q > is an eigen state of the Hamiltonian operator. Φˆ(~q) is a sum
of creation and annihilation operators, acting on the vacuum produces a field
quanta with 3-metric ~q. A role of creation and annihilation operator get re-
versed when (ω − D) < 0. A field quanta (or a particle) is seen as an excitation
in the combined variable field. The second term is vacuum energy term.
Homogeneous and non-stationary space (qab(t, ~x) = qab(t)): Since, ∂aqbc = 0 im-
plying spatial curvature scalar R(3)(qab, ∂aqbc) = 0. Potential term depends only
on
√
det q(t) and a scalar field couplings.
Inhomogeneous and stationary space (qab(t, ~x) = qab(~x)): Since 3-metric is time
independent, second term in (54) vanishes. Lagrangian and Hamiltonian does
not invlove integration over q.
H =
1
2
Π2 +
1
2
V(v,R(3), φ) Φ2 (66)
Riccati equation reduces to (62) reduces to ω2 = V. Hamiltonian operator for
this theory is
Hˆ = ω(φ, ~q) nˆ +
1
2
ω(φ, ~q) δ(~0) (67)
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